Abstract. Let k be an algebraically closed field of characteristic p > 0. I prove that the ring of smooth, complete k-varieties and Bittner relations contains zero divisors if p > 13 or p = 11. In particular it follows, under the same hypothesis, that the isomorphism class of any supersingular elliptic curve is a zero divisor in this ring.
Introduction
Let k be an algebraically closed field of characteristic p > 0. Let K 0 (V k ) be the Grothendieck ring of varieties over k. This is the following: for an irreducible variety X/k, write [X] for its k-isomorphism class and consider the free abelian group generated by isomorphism classes [8, 3] for the basic properties of this ring.
While the simplicity of definition is one of the most attractive features of K 0 (V k ), it should be noted that this ring remembers far less algebraic geometry than what one learns in a first course on algebraic geometry. So one can ask what parts of algebraic geometry over k does K 0 (V k ) remember? The answer seems to be far from being simple. Let us also introduce another related ring, denoted K 0 bl (CV sm k ), which is generated by isomorphism classes of smooth complete k-varieties with product as multiplication and with
where Bl Y (X) is the blowup of a smooth complete k-variety X along smooth, complete k-variety Y ⊂ X and E is the exceptional divisor (after [3] these relations are referred to as Bittner relations).
In [3] it was shown that:
The proof given in [3] also works if char(k) = p > 0 provided one knows that the weak factorization theorem of [1] holds for k and in particular proof of that theorem requires that embedded resolution of singularities (see [6, 13] ) holds for k in all dimensions.
In characteristic zero it was shown in [11] that K 0 (V k ) is not a domain. The purpose of this note is to prove that K 0 bl (CV sm k ) is not a domain (see Theorem 2.1.1) if p > 13 or p = 11. My approach differs from [11] in the following way: a key result of [8] which is needed in [11] is not available in characteristic p > 0; this difficulty is circumvented by working with 
In Section 2.2 I observe that there is an infinite collection of natural candidate relations in K 0 (V k ) which show that L is a zero divisor (for any field k with char(k) = p > 0). But I do not know how to prove this at the moment (see Section 2.2 for more precise statements).
I was introduced to the circle of ideas surrounding the Grothendieck ring K 0 (V k ) through Ravi Vakil's lecture course at the Arizona Winter School (AWS 2015). It is a pleasure to thank Ravi Vakil for a stimulating series of lectures. It is also a pleasure to thank Research Institute of Mathematical Sciences (RIMS, Kyoto) for its excellent hospitality and Shinichi Mochizuki for answering questions related to his construction of Albanese varieties and also for hosting my visit to RIMS in Spring 2018. Suppose that δ p ≥ 2. Let E 1 /k be any supersingular elliptic curve and let E 2 /k be any supersingular elliptic curve not isomorphic to E 1 . Then by a beautiful theorem of Pierre Deligne (see [7] ) there exists an isomorphism [7] ) asserts that if n ≥ 2 and E 1 , . . . , E 2n are any supersingular elliptic curves then E 1 × · · · × E n ≃ E n+1 × · · · × E 2n . So this theorem provides many more relations in K 0 bl (CV sm k ). The following proposition, which constructs the Albanese motivic measure on K 0 bl (CV sm k ) circumvents the deeper construction of motivic measures on K 0 (V k ) due to [8] which is crucially dependent on (embedded) resolution of singularities.
Proposition 2.1.6. Let AV k be the multiplicative monoid of isomorphism classes of abelian k-varieties and let Z[AV k ] be the monoid ring. Then one has a natural morphism
Proof. Recall that if X is a smooth, complete k-variety then Alb(X) is an abelian variety equal to the dual of the reduced Picard scheme Pic (X) red of X. For understanding properties of Albanese varieties of arbitrary varieties over arbitrary fields arbitrary characteristics readers may find [12] , [9] useful.
It is clear that [X] → [Alb(X)] ∈ AV k can be extended linearly (with [∅] −→ 0) to define a homomorphism of groups from the free abelian group generated by isomorphism classes of smooth, complete k-varieties. By Lemma 2.1.8, for complete k-varieties one has and
Proof. The proof follows from the well-known fact: if A is an abelian variety then there are no non-constant morphisms from a projective space P m → A [10] . Suppose A ′ = Alb(X ′ ) and A = Alb(X). Since there are no non-constant morphisms from a projective space to an abelian variety, the tautological morphism X ′ → A ′ factors as X ′ → X → A ′ and by the universal property of Albanese variety A of X this factors as X ′ → X → A → A ′ and in particular it follows that any morphism from X ′ to an abelian variety factors through A so A is the Albanese variety of X ′ hence A = A ′ and similarly one sees that Alb(Y ′ ) = Alb(Y ).
Lemma 2.1.8. Let X 1 , X 2 be two smooth, complete k-varieties. Then
Proof. This is immediate from the universal property of Albanese varieties.
2.2.
A relation which may be used to prove that L is a zero divisor in K 0 (V k ). By [2, 5] 
